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Solving large sequential decision problems modelled as Markov
Decision Processes (MDPs) requires the use of approximations to represent the state space. Popular approximation
methods include state aggregation, linear function approximation and kernel-based methods. In this work we are
mainly interested in state aggregation, in which the state
space is partitioned into disjoint subsets and values are associated with each partition. The goal is to construct a
partition incrementally, in such a way as to provide a good
approximation to the true value function. One approach for
this problem is to use bisimulation relations [6], also known
as MDP homomorphisms [8], or their relaxation as bisimulation metrics [4]. Bisimulation metrics in particular are attractive because they allow quantifying the approximation
error for any state space partitioning, or more generally,
any linear function approximator [3]. However, bisimulation metric computation is very expensive (in the worst case,
more expensive than performing dynamic programming in
the original state space). Indeed, recent work [5] has shown
that computing the metric amounts to solving an MDP resulting from a coupling of the state space with itself; such a
coupling has size quadratic in the number of states.
In this work, we tackle this problem by proposing a significant improvement in how bisimulation metrics are computed. Our approach constructs an iteratively improving
sequence of state space partitions, which still converges in
the limit to the bisimulation relation. We prove that at
each step the error of the value function computed over this
partition (compared to the true optimal value function) is
bounded. Since at each step, the value function approximation is computed over partitions rather than states, this
approach can generate substantial space and computation
time savings, as illustrated in our experiments.
The second contribution is an algorithm for asynchronous
updates of the metric and the representation. We provide
theoretical conditions which allow computational effort to
be focused on parts of the state space where changes are
happening rapidly, similar to successful asynchronous or distributed dynamic programming techniques such as [1, 2, 7].
Empirical results illustrate the use of heuristics that can substantially speed up the computation.

In conclusion, we presented two new ways of describing bisimulation metrics from a theoretical perspective, and we used
these to design novel iterative refinement algorithms. These
algorithms provide substantial improvement in terms of time
and memory usage and more flexibility in terms of guiding the search for alternative state space representations for
MDPs.
The approach presented opens the door to more specialized
strategies to finding bisimulation-based MDP representations. We illustrated the advantage of using heuristic based
search strategies, but the strategy we used (which attempts
to keep the size of state partitions roughly the same) is very
simple, and it is likely that more sophisticated approaches
would work better. For example, one could try strategies
similar to prioritized sweeping, which focus on areas of the
state space where the metric is changing drastically. Investigating more sophisticated heuristics and applying them to
larger problems is a worthwhile approach for future work.
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